We prove that every homogeneous countable dense homogeneous topological space containing a copy of the Cantor set is a Baire space. In particular, every countable dense homogeneous topological vector space is a Baire space. It follows that, for any nondiscrete metrizable space X, the function space C p (X) is not countable dense homogeneous. This answers a question posed recently by R. Hernández-Gutiérrez. We also conclude that, for any infinite dimensional Banach space E (dual Banach space E * ), the space E equipped with the weak topology (E * with the weak * topology) is not countable dense homogeneous.
Introduction
In this note we only consider Tikhonov spaces. A space X is countable dense homogeneous (CDH) if X is separable and given countable dense subsets D, D ′ ⊆ X , there is a homeomorphism h : X → X such that h[D] = D ′ . This is a classical notion going back to works of Cantor, Fréchet and Brouwer. Among Polish spaces, canonical examples of CDH spaces include the Cantor set, Hilbert cube, space of irrationals, and all separable complete metric linear spaces (m.l.s.) and manifolds modeled on them. In contrast, every Borel but not closed vector subspace of a complete m.l.s. is not CDH. In recent years many efforts have been put in constructing examples of CDH non-Polish spaces (see the excellent survey articles [AvM, Section 14] and [HvM] ). With no extra algebraic structure, there even exist CDH metrizable spaces that are meager (this notion is recalled below), e.g., see [FZ] and [FHR] . An easy example of a non-metrizable CDH space is the Sorgenfrey line.
The main purpose of this work is examining the link between (CDH) and Baireness (and also hereditary Baireness) of a space, mainly, of a topological vector space. Recall that a space X is a Baire space if the Baire Category Theorem holds for X; the latter means that every sequence (U n ) of dense open subsets of X has a dense intersection in X. If every closed subset of X is a Baire space then we call X a hereditarily Baire space. A space is meager if it can be written as a countable union of closed sets with empty interior. Clearly, if X is a Baire space, then X is not meager. The reverse implication is in general not true. However, it holds for every homogeneous space X (see [LM, Theorem 2.3] ). The idea of studying the relationship between CDH and (hereditarily) Baireness is not new and goes back to Fitzpatrick and Zhou's paper [FZ] . They showed, among other things, that if a homogeneous CDH metric space X contains a countable set which is not G δ , then X must be a Baire space. Later the topic was studied by Hrušák and Zamora Avilés [HZA] who proved that that every analytic metric CDH space must be a hereditarily Baire space. Our paper deals mainly with topological vector spaces.
Function spaces C p (X) provide a wide class of topological vector spaces to be investigated for CDH. By C p (X) we denote the space of all continuous real-valued functions on a space X, endowed with the pointwise topology. V. Tkachuk has asked if there exists a nondiscrete space X such that C p (X) is CDH. (For the case of discrete X see below). Last year, R. Hernández-Gutiérrez [HG] gave the first consistent example of such a space X. He has asked whether a metrizable space X must be discrete, provided C p (X) is CDH [HG, Question 2.6] . Our work was inspired by his paper; in particular, we answer his question in the affirmative. Actually, combining our Theorem 4.2 with earlier results, we prove that, for a metrizable space X, the space C p (X) is CDH if and only if X is discrete of cardinality less than the pseudointersection number p.
In order to describe the example of Hernández-Gutiérrez we need to recall some definitions and older results. Given a filter F on an infinite countable set T , we regard F as a subspace of 2 T , a topological copy of the Cantor set. We consider only free filters on T , i.e., filters containing all cofinite subsets of T . By N F we denote the space T ∪ {∞}, where ∞ ∈ T , equipped with the following topology: All points of T are isolated and the family {A ∪ {∞} : A ∈ F } is a neighborhood base at ∞. Recall that F is a P -filter if for every sequence (U n ) of elements of F there exists an A ∈ F which is almost contained in every U n , i.e. A \ U n is finite for every n. An ultrafilter (that is, a maximal filter) that is a P -filter is also called a P -point.
Hereditarily Baire spaces C p (N F ) have been characterized in terms of F by the third named author (see, [Ma, Thm. 1.2] ).
Theorem 1.1. Let F be a filter on ω. The following are equivalent:
Hernández-Gutiérrez, Hrušák [HGH] ; and Kunen, Medini, Zdomskyy [KMZ] added the following equivalent condition to this list
Hernández-Gutiérrez [HG] proved that the above condition is equivalent to
Recall that it is unknown whether nonmeager P -filters exist in ZFC. In particular, the following question remains open.
Question 1.2. Does there exist in ZFC a CDH topological vector space which is not Polish?
The equivalence of conditions (a)-(e) above inspired us to investigate the relationship between the CDH and (hereditarily) Baire properties of topological vector spaces E. We prove that, if such a space E is CDH then it is a Baire space, cf. Corollary 3.4. In the last section, we provide examples of hereditarily Baire separable pre-Hilbert spaces which are not CDH. Consistently, there exist CDH topological vector spaces which are not hereditarily Baire, cf. the comment after Theorem 4.6.
Our techniques apply also to Cartesian products. We show that for any separable space X and any infinite cardinal number κ, if the product X κ is CDH, then X must be a Baire space, cf. Theorem 3.9. This generalizes a result of Hrušák and Zamora Avilés [HZA, Theorem 3.1], who proved the same thing for the countable power of a separable metric space X.
CDH and property (B) of topological vector spaces
Some spaces that we discuss are not CDH because they contain nonhomeomorphic countable dense subspaces. Therefore, it is reasonable to present the following term: A space X is uniquely separable (US) if X is separable and any two countable dense subspaces of X are homeomorphic. Obviously, for any X, CDH implies US.
Recall that a space Y is referred to as crowded if every neighborhood of any point contains at least two distinct points. We will use the following stronger notion: The space Y is sequentially crowded if every point y ∈ Y is the limit of a sequence of points of Y distinct from y.
The classic characterization of the space of rationals Q yields Remark 2.1. Every crowded separable metrizable space is US.
It turns out that for certain topological vector spaces the lack of having CDH is manifested drastically by not even being US. That happens for spaces with property (B).
Definition 2.2. A space X has the property (B) provided X can be covered by countably many closed nowhere-dense sets {A n : n ∈ ω} such that for any compact set K ⊆ X there exists n ∈ ω with K ⊆ A n .
This notion was introduced in [KM] and later studied by Tkachuk [Tk2] and [Tk3] under the name of Banakh property. Here is the main result of this section. It states, in particular, that no topological vector space can simultaneously have the property (B) and be US.
Theorem 2.3. If a topological group G has the property (B) and contains a nontrivial convergent sequence, then G is not US (hence, is not CDH). In particular, if a topological vector space E has the property (B), then E is not US.
This theorem follows immediately from the next two lemmas and the trivial observation that a topological vector space E with the property (B) must contain a nonzero vector x, hence contains a nontrivial convergent sequence (x/n) n∈ω .
Lemma 2.4. Any separable homogeneous space X with a nontrivial convergent sequence contains a sequentially crowded countable dense subset. Furthermore, if, in addition X is a topological group, such a set can be taken as a subgroup of the group.
Proof. First, we will present a proof for the case of a topological group. Let (x n ) be a nontrivial convergent sequence in X. We may assume that lim x n is the neutral element of X. Take any countable dense subset Y of X. Without loss of generality, we may further assume that all x n 's are in Y . Then D, the smallest subgroup of X that contains Y , has the required properties. Now, assume that X is a separable homogeneous space with a nontrivial convergent sequence. By homogeneity, each point x ∈ X is the limit of a sequence of points of X distinct from x. Therefore, for each countable subset A of X, there is a countable set B containing A, such that each point x ∈ A is the limit of a sequence of points of B distinct from x. Take any countable dense subset D 0 of X. Inductively, choose countable sets D 0 ⊂ D 1 ⊂ D 2 ⊂ . . . , such that, for any n ∈ ω and x ∈ D n , there is a sequence of points of D n+1 , distinct from x, and, converging to x. One can easily verify that the union n∈ω D n is the required dense subset.
Lemma 2.5. Let X be a space with a sequentially crowded countable dense subset. If X has the property (B), then it is not US.
Proof. Striving for a contradiction suppose that X is US. Then, every countable dense subset of X is sequentially crowded. Let {A n : n = 1, 2 . . .} be a countable family consisting of closed nowhere dense subsets of X witnessing the property (B). We will show that there is a convergent sequence C ⊆ X such that no A n contains C, yielding a contradiction. Without loss of generality, we can assume that for every n we have A n ⊆ A n+1 . Fix a countable dense set D 0 ⊆ X and let D 0 = {d 0 , d 1 , d 2 , . . .} be a faithful enumeration of D 0 . Since the set A n is closed and has empty interior, for each n ≥ 1 there is a countable set D n ⊆ X \ A n dense in X. The set D n ∪ {d n } is sequentially crowded being countable dense in X, hence there is a sequence (x k n ) k∈ω of elements of D n converging to d n . Define
The countable set A is dense in X, because its closure contains D 0 , and hence it is sequentially crowded. Pick a sequence (a m ) m∈ω of elements of A, convergent to d 0 . The set
is as desired. Indeed, note that for each n ≥ 1 the set C ∩ {x k n : k ∈ ω} is finite, for otherwise d n would be an accumulation point of C distinct from d 0 . Therefore, C ∩ {x k n : k ∈ ω} = ∅, for infinitely many n's which means that for infinitely many n's C meets the set X \ A n . Since the family {A n : n = 1, 2, . . .} is increasing, no A n contains C.
It is easy to see, cf. [KM, page 653 ] that any infinite-dimensional Banach spaces endowed with the weak topology enjoys the property (B). More generally, we have the following:
Proposition 2.6. [KM, Proposition 5.2] Let (E, · ) be a normed space and let τ be a linear topology on E, strictly weaker than the norm topology. If norm closed balls in E are τ -closed and τ -compact sets are norm bounded, then (E, τ ) has the property (B).
In particular, for an infinite-dimensional Banach space E, both spaces (E, w) and (E * , w * ) possess the property (B).
Corollary 2.7. For an infinite-dimensional Banach space E, both spaces (E, w) and (E * , w * ) are not US (hence, are not CDH).
All CDH topological vector spaces are Baire spaces
The following theorem and its consequences are our main results.
Theorem 3.1. Every homogeneous CDH space X containing a copy of the Cantor set is a Baire space.
Recall that each homogeneous space is either meager or a Baire space. Therefore, the above theorem follows immediately from Lemmas 2.4 and 3.6 (below).
Since a connected CDH space is homogeneous (see [FL] ), we have the following For the third corollary we need the trivial observation, that, for a topological vector space E, either E = {0} (so it is a Baire space) or E contains a copy of the real line, hence also of the Cantor set.
Now, let us present two lemmas needed to conclude Theorem 3.1.
Lemma 3.5. Let C be a copy of the Cantor set in a separable space X. Then the space
Proof. Let A be any countable dense subset of X, and B any countable dense subset of C.
Lemma 3.6. Let X be a meager space containing a copy of the Cantor set and a sequentially crowded countable dense subset. Then the space X is not CDH.
Proof. The first part of the proof will follow closely the argument from the proof of Lemma 2.5. Striving for a contradiction, suppose that X is CDH. Let {A n : n = 1, 2 . . .} be a countable family of closed nowhere dense subsets of X such that X = n≥1 A n . Without loss of generality, we can assume that for every n we have A n ⊆ A n+1 .
Since X is CDH, every countable dense subset of X is sequentially crowded. Fix a countable dense set D 0 ⊆ X and let D 0 = {d 1 , d 2 , . . .} be a faithful enumeration of D 0 . Since the set A n is closed and has empty interior, for each n ≥ 1, there is a countable set D n ⊆ X \ A n dense in X. The set D n ∪ {d n } is sequentially crowded being countable dense in X, hence there is a sequence (x k n ) k∈ω of elements of D n converging to d n . Define
The countable set D is dense in X, because its closure contains D 0 . Now, let C ⊆ X be a copy of a Cantor set. By Lemma 3.5, X contains a countable dense subset B, such that B ∩ C is dense in C. Since X is CDH, there exists a homeomorphism h
yet another copy of the Cantor set. To obtain a contradiction, we will show that for each C ′ , a copy of the Cantor set, C ′ ∩ D is not dense in C ′ . By the Baire Category Theorem, there is n 0 such that C ′ ∩ A n 0 has a nonempty interior in C ′ . The set D ∩ A n 0 , being a subset of n 0 −1 n=1 {x k n : k ∈ ω}, has only finitely many accumulation points; hence, C ′ ∩ D is not dense in C ′ .
Let us note that, for metrizable spaces, the assertion of Theorem 3.1 is known (cf. remarks preceding Proposition 2.2 in [HG] ). For the sake of self-completeness we include the sketch of proof. If a separable metrizable homogeneous space were not a Baire space then, as pointed out below Theorem 3.1, it would be meager. This would allow to construct a G δ countable dense subset which, in turn, by CDH, yields that all countable subsets would be G δ (see [FZ, Theorem 3.4] ). The latter contradicts our Lemma 3.5 (see also [FZ, Theorem 3.5] ).
The following fact is probably known.
Proposition 3.7. Let E be an infinte-dimensional normed space and F be a vector subspace of the dual E * separating points of E. Then the space E equipped with the weak topology generated by F is not a Baire space.
Clearly A is closed in the weak topology generated by F . Using the facts that F separates the points of E and each weak neighborhood of 0 contains a nontrivial vector subspace, one can easily verify that A has empty (weak) interior. Since the unit ball of E is contained in A, we have E = n∈ω nA. This shows that E with the weak topology is meager, hence not a Baire space.
From this fact and Corollary 3.4 we immediately obtain Corollary 3.8. Let E be an infinite-dimensional normed space and F be a linear subspace of the dual E * separating points of E. Then the space E equipped with the weak topology generated by F is not CDH.
Corollary 3.8 does not extend to non-normed vector spaces. For the product space R ω , which is CDH, its weak topology coincides with the product topology.
In the paper [HZA, Theorem 3.1] it was proved that, for a separable metrizable space X, if the product X ω is CDH, then X is a Baire space. Using our Lemma 3.6 we can generalize this result as follows Theorem 3.9. For a separable space X (not necessarily metrizable) and an infinite cardinal κ, if X κ is CDH, then X and X κ are Baire spaces.
In the proof we will use two additional easy lemmas, the first one is probably known.
Lemma 3.10. For any space X and an infinite cardinal κ, the product X κ is either meager or a Baire space.
Proof. Suppose that X κ is not meager. Then the Banach Category Theorem (see [HM, Theorem 1.6 ]) gives us a nonempty open subspace U ⊂ X κ which, in its relative topology, is a Baire space. Since an open subset of Baire space is again a Baire space, without loss of generality we can assume that U is a basic open set, i.e., U = π −1 A (V ), where A is a finite subset of κ, V a nonempty open subset of X A , and π A : X κ → X A is the projection. Then, for the open continuous projection π κ\A : X κ → X κ\A we have π κ\A (U) = X κ\A , hence X κ\A is a Baire space, cf. [HM, Corollary 4.2] . Obviously, X κ\A is homeomorphic to X κ .
Lemma 3.11. Let X be a space of cardinality |X| > 1, and κ be an infinite cardinal. Then each point x ∈ X κ is contained in a copy of the Cantor set C ⊂ X κ .
Proof. Let x = (x α ) α<κ . For each n ∈ ω, pick a subset C n ⊂ X of size 2, such that x n ∈ C n .
For ω ≤ α < κ put C α = {x α }. It is clear that the set C = α<κ C α is as required.
Proof of Theorem 3.9. Assume that the product X κ is CDH. Clearly, we can assume that |X| > 1. We will show that X κ contains a sequentially crowded countable dense subset D. Let A be any countable dense subset of X κ . For each a ∈ A, use Lemma 3.11 to find a copy C a ⊂ X κ of the Cantor set, containing a. Let D a be a countable dense subset of C a . One can easily verify that the set D = {D a : a ∈ A} has the required properties. Now, by Lemmas 3.6 and 3.11, X κ is not meager. Therefore, Lemma 3.10 implies that X κ is a Baire space. Since X is an image of X κ under an open continuous projection, it is also a Baire space.
CDH of C p (X)
By Corollary 3.4, we know that if a function space C p (X) is CDH, then it is necessarily a Baire space. Interestingly, there is a topological characterization of the space X for which the space C p (X) is a Baire space (see [vM, Theorem 6.4.3] ). The proof of the following simple fact (cf. [Tk1, S.284]) does not require a use of this characterization result, however. First, recall that a subset A of X is bounded if for every f ∈ C p (X), the set f (A) is bounded in R. Note, that every finite set A is bounded, so this notion is meaningful if A is infinite.
Proposition 4.1. Let X be a space containing an infinite bounded subset A. Then C p (X) is meager.
Proof. For n ∈ ω, we set
Clearly, the sets F n are closed and have empty interiors in C p (X) because A is infinite. Moreover, since A is a bouded subset of X, we have n∈ω F n = C p (X).
Combining the proposition above with Corollary 3.4 we immediately obtain:
Theorem 4.2. Let X be a space containing an infinite bounded subset A. Then C p (X) is not CDH.
Obviously, a nontrivial convergent sequence in a space X forms an infinite bounded subset. Therefore, we obtain the next corollary which answers Question 2.6 from [HG] .
Recall that a space X is pseudocompact if and only if X is bounded in itself. It is known that C p (X) is separable if and only if X admits a weaker separable metrizable topology (see [Tk1, S.174] ). If X is pseudocompact and admits a weaker separable metrizable topology, then X is compact metrizable (see [Tk1, S.140] ), hence, it contains a nontrivial convergent sequence, provided it is infinite. However we do not know the answer to the following.
Question 4.4. Let X be a space which admits a weaker separable metrizable topology, and contains an infinite bounded subset A. Does X contain a nontrivial convergent sequence?
For a discrete space X, we have C p (X) = R X . The following characterization of CDH products of the real line incorporates assertions that can be found in [SZ] and [HZA] , cf. [HG, Section 6] .
Theorem 4.5. The product R X ( [0, 1] X , {0, 1} X ) is CDH if and only if X is of cardinality less than the pseudointersection number p.
The above result together with our Corollary 4.3 yields:
Theorem 4.6. Let X be a metrizable space. Then C p (X) is CDH if and only if X is discrete of cardinality less than p.
Very recently G. Plebanek has proved that, for X of cardinality ω 1 , the product space R X is not a hereditarily Baire space. Hence, if X is a discrete space of cardinality ω 1 then the space C p (X) is not a hereditarily Baire space.
This implies that, under an additional set-theoretic assumption that ω 1 < p, the product R ω 1 is an example of a topological vector space (C p (X) space) which is CDH but is not a hereditarily Baire space. Thus, it is not possible to replace Baire by hereditarily Baire in Corollary 3.4, even for spaces of the form C p (X). However, the following question remains open.
Question 4.7. Suppose that X is countable and C p (X) is CDH. Is C p (X) a hereditarily Baire space?
Note that by the results of [Ma] the existence of a countable nondiscrete X such that C p (X) is a hereditarily Baire space is equivalent to the existence of a nonmeager P -filter on ω.
An obvious consequence of Corollary 4.3 is the following Corollary 4.8. If X is an uncountable separable metrizable space, then C p (X) is not CDH.
The last corollary can be also proved in a different, more direct way. Let us show the following Proposition 4.9. Let X be a separable space which contains an infinite bounded subset A. If C p (X) is separable, then it contains a countable dense subset E which is a G δ -set in C p (X).
Proof. By a standard inductive argument we can pick a sequence (a n ), a n ∈ A, and a sequence (U n ) of pairwise disjoint open sets such that a n ∈ U n , for n ∈ ω. For each n, take a continuous function g n : X → [0, 1] such that g n (a n ) = 1 and g n (x) = 0 for x ∈ X \ U n . Let {h n : n ∈ ω} be dense in C p (X), and let r n = |h n (a n )| + n. Put f n = h n + r n g n and define E = {f n : n ∈ ω}. We will show that E has the required properties.
Take any finite set F = {x 1 , . . . , x k } ⊆ X, and a sequence V 1 , . . . , V k of nonempty open subsets of R, and consider the basic open set
in C p (X) given by these sequences. Observe that W contains infinitely many h n , since C p (X) is crowded. On the other hand F intersects only finitely many U n . Therefore we can find n 0 such that h n 0 ∈ W and F ∩ U n 0 = ∅. Then
Clearly, all sets B k are closed and C p (X) = k∈ω B k . From the definition of r n and f n immediately follows that |f n (a n )| ≥ n, therefore f n / ∈ B k for n > k. Since X is separable, each finite subset of C p (X) is a G δ -set (see [Tk1, S.173] ). Therefore
is an F σ -set and E is a a G δ -subset of C p (X). From Lemma 3.5 and Proposition 4.9 we immediately obtain version of Theorem 4.2 for separable X.
For a space X and a subset Y of R we denote by C p (X, Y ) the subspace of C p (X) consisting of functions with values in Y , i.e., C p (X, Y ) = C p (X) ∩ Y X . Let I denote the unit interval [0, 1]. For the space C p (X, I) we have the following counterpart of Theorem 4.6
Theorem 4.10. Let X be a metrizable space. Then C p (X, I) is CDH if and only if X is discrete of cardinality less than p.
For the proof we need a weaker version of Proposition 4.1 for C p (X, I) Proposition 4.11. Let X be a space containing a nontrivial convergent sequence. Then the space C p (X, I) is meager.
Proof. Let (x n ) be a sequence of distinct points of X converging to a point x ∈ X. For n ∈ ω, we set
Clearly, the sets F n are closed and C p (X, I) = n F n , because, for each f ∈ C p (X, I), f (x n ) → f (x). Given n, the set F n has empty interior in C p (X, I), since, for any f ∈ C p (X, I) and any finite A ⊂ X, we can find k ≥ n such that x k / ∈ A, and a function g ∈ C p (X, I) such that g|A = f |A and |g(x k ) − g(x)| ≥ 1/2. Lemma 4.12. For a space X, if C p (X, I) is separable, so is the space C p (X, (0, 1)).
Proof. Let A be a countable dense subset of C p (X, I). One can easily verify that
is a dense subset of C p (X, (0, 1)).
Proof of Theorem 4.10. For a discrete space X we have C p (X, I) = I X , hence the "if" part of the theorem follows directly from Theorem 4.5.
To show the "only if" part, assume, towards a contradiction, that C p (X, I) is CDH and X is not discrete. Since X contains a nontrivial convergent sequence, by Proposition 4.11, the space C p (X, I) is meager. Obviously, C p (X, I) contains a copy of I (constant functions), hence also a copy of the Cantor set. By Lemma 4.12, the space C p (X, (0, 1)) is separable. Since this space is homeomorphic to C p (X), by Lemma 2.4, it contains a sequentially crowded countable dense subset D. Moreover, using the fact that the space C p (X, (0, 1)) is dense in C p (X, I), the set D is also dense in C p (X, I). Now, the desired contradiction follows from Lemma 3.6.
Remark 4.13. Using a similar method as above, one can also prove that, for a zero-dimensional metrizable space X, the space C p (X, {0, 1}) is CDH if and only if X is discrete of cardinality less than p.
Recall that C * p (X) is the subspace of C p (X) consisting of bounded functions. It is well known that for an infinite space X, C * p (X) is not a Baire space (cf. Proposition 3.7).
Corollary 4.14. For no infinite space X, the space C * p (X) is CDH.
Our next theorem and corollary slightly strengthen the results of Osipov, cf. [HG, Sec. 8 ] and [Os] . Their statements use the notion of γ-set; here is one way of phrasing this notion: A space X is a γ-set if for any open ω-cover U of X, there is a sequence (U n ) n∈ω , U n ∈ U, such that every point x ∈ X belongs to all but finitely many U n 's. Recall that a cover U of a space X is an ω-cover if, for any finite subset F of X, there exists U ∈ U such that F ⊆ U.
Theorem 4.15. Let X be a space such that X n is hereditary Lindelöf for every n ∈ ω. If X is not a γ-set, then C p (X) is not US.
Corollary 4.16. If X is a separable metrizable space which is not a γ-set, then C p (X) is not US.
Theorem 4.15 is an immediate consequence of Lemma 2.4 and the next lemma. The proof of that lemma follows closely the argument from the proof of the Gerlits-Nagy theorem stating that a space X is a γ-set if and only if C p (X) is a Fréchet-Urysohn space, cf. [Ar, Thm. II.3.2] .
Lemma 4.17. Let X be a space such that X is not a γ-set and X n is hereditary Lindelöf for every n ∈ ω. Then C p (X) contains a countable dense subset which is not sequentially crowded.
Proof. Recall that the assumption that all finite powers of X are hereditary Lindelöf implies that C p (X) is hereditary separable (see [Ar, II.5.10] ).
Let U be an open ω-cover of X witnessing the fact that X is not a γ-set. Define
Using the fact that U is an ω-cover one can easily verify that the set G is dense in C p (X). Take a countable dense subset H of G and put D = H ∪ {c 1 }. We will prove that D is not sequentially crowded. To this end, we will show that no sequence (f n ) of functions from D, distinct from c 1 , converges to c 1 ; here, c 1 is a constant function with value of 1 . Suppose the contrary. For each n find U n ∈ U with f −1 n (R \ {0}) ⊆ U n . Given x ∈ X, we have f n (x) → 1, hence f n (x) = 0 for n > n 0 . It follows that x ∈ U n for n > n 0 , a contradiction with our assumption on U.
Corollary 4.16 suggests the following:
Question 4.18. Let X be an uncountable separable metrizable space. Is it true that C p (X) is not US?
Let us also comment on Question 2.5 from [HG] . Hernández-Gutiérrez asked if, for an uncountable Polish space X, the space C p (X) has a countable dense subset without nontrivial convergent sequences. An affirmative answer to this question follows immediately from [Tk2, Cor. 3.20 ] and the fact that, for such X, the space C p (X) is hereditary separable (it has a countable network).
Bernstein-like direct sum decompositions of Roman Pol
In this section we show that there are examples of hereditarily Baire m.l.s. which are not CDH. Let us recall the notion introduced by R. Pol in [Po] . Let E be an infinite-dimensional separable complete m.l.s.. A direct sum decomposition E = V 1 ⊕ V 2 is called a Bernstein-like direct sum decomposition of E, if every linearly independent Cantor set C (i.e., a topological copy of the Cantor set) in E intersects both subspaces V i . R. Pol showed that every infinitedimensional separable complete m.l.s. admits a Bernstein-like direct sum decomposition. We will also use Lemma 3.1 from [Po] :
Lemma 5.1. Let A be an analytic set in a separable complete m.l.s. E. If A contains an uncountable linearly independent set, then A contains a linearly independent Cantor set.
Lemma 5.2. Let Q be a closed copy of the rationals Q in a topological vector space V . Then, for any nonempty relatively open subset U of Q, the linear subspace span U (that is, a vector subspace of V spanned by U) is infinite-dimensional.
Proof. Suppose that, for some nonempty relatively open subset U of Q, span U is finitedimensional. Pick a nonempty clopen subset V of Q contained in U. Then the space F = span V is finite dimensional, hence homeomorphic to some Euclidean space R n . Since V is a topological copy of Q which is closed in F , we arrive at a contradiction. Proof. Suppose the contrary, then the subspace F = span A is spanned by a countable infinite set {x i : i ∈ ω}. Put F n = span{x i : i ≤ n}, n ∈ ω. Each F n is closed in F , and F = n∈ω F n . By the Baire Category Theorem there is n 0 such that U = Int A (F n 0 ∩ A) = ∅. By our assumption on A, span U is infinite-dimensional, but it is contained in F n 0 , a contradiction.
Proposition 5.4. Let E = V 1 ⊕V 2 be a Bernstein-like direct sum decomposition of a separable infinite-dimensional complete m.l.s. E. Then each summand V i is a hereditarily Baire space.
Proof. Suppose the contrary, then by the Hurewicz theorem the space V i contains a closed copy Q of the rationals Q. Let A be a closure of Q in E. For any nonempty relatively open subset U of A, span(U ∩ Q) is infinite-dimensional by Lemma 5.2. Therefore, Lemma 5.3 implies that A contains an uncountable linearly independent set. Then the set A \ Q is analytic and contains an uncountable linearly independent set. From Lemma 5.1, we infer that A \ Q contains a linearly independent Cantor set C. The set C is disjoint from V i , a contradiction.
Proposition 5.5. Let E = V 1 ⊕V 2 be a Bernstein-like direct sum decomposition of a separable infinite-dimensional complete m.l.s. E. Then each subspace V i is not CDH.
Proof. Using a countable base of V i and fact that each nonempty open subset U of V i has infinite-dimensional span U, one can easily inductively construct a countable dense subset D of V i which is linearly independent. By Lemma 3.5 it is enough to show that for any copy K of the Cantor set in V i , K ∩ D is not dense in K. Suppose that K ∩ D is dense in K. Then, for any nonempty relatively open subset U of K, U ∩ D is infinite, so span U is infinite-dimensional. Hence, by Lemma 5.3, K contains an uncountable linearly independent set. Now, by Lemma 5.1, the latter contains a linearly independent Cantor set C. Then C is disjoint from V j , for j = i, a contradiction.
Question 5.6. Does there exist (in ZFC) a noncomplete CDH pre-Hilbert space?
